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Abstract

An approachfor Web-basedVathematicsEducation(WME) is considered. It aimsto
establisha framework to supportauthoringof dynamicand interactve mathematiceduca-
tion pages,end-useraccesshroughregular Web browsess, and supplyingmathematicabnd
educationatapabilitiesthroughinteroperableVME serves. The WME architectureve ervi-
sionbuilds on emeging Web standardsandincludesthe XML-based MathematicEEducation
Markup Languaye (MeML). An MeML interpretertranslatesMeML pagesinto regular Web
pageswhile incorporatingcontentssupplieddynamicallyby compliantWME seners. WME
senersareinteroperabldy conformingto acommoninterfacespeci cation.

1 Intr oduction

Web-basedearningcan extend the reachof educationand signi cantly broadenits impactand
in uence. Thereare mary approachesut few are effective for teaching/learmg mathematics.
Giventhestateof mathematicgeducatiorin the United Statesandothercountries aneffective way
to deliver teachingandlearningmaterialsover the Internet/\Web holdsmuchpromise.

While variousmethodshave beenusedto display mathematicaformulasin Web pagesandto
malke simple mathematial computationsaccesible via CGI prograns or X Windows (see,for
instancethe ICM demopage[14]), a generalandeffective systemfor accesing, producingand
deliveringmathematal contentis still the subjectof researclanddevelopment.

InvesticatorsattheW3 Consortum (W3C) andelsavhereareworking to make publishng math-
ematicalmaterialson the Web easy MathML [18] de nesan XML languagdor markupof math-

ematicalexpressionswith supportfor both presentatiorencoding(display layout) and content
encoding(computatim semantics).
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The IBM digital publishing group has releasedthe experimental Techexplorer [13], a Web
browserplug-in thatdynamicallyformatsanddisplaysdocumentsontainingscienti c andmath-
ematicalexpressionsodedin TeX/IATEX. SomeMathML is also supported. Techexplorer also
allows a userto sendexpressiondo a x ed computesener for evaluation. MathType[20], from
DesignSciencelnc., supportsinteractve creationof mathematicaformulas for web pagesand
documentsThe samecompalry alsooffersWebEQandMathPlayer[20] thatdisplayWebTeX and
MathML in abrowser The W3C AmayaWeb brovserdemonstragsa prototypeimplementatbn
of MathML which allows usersto browse and edit Web pagescontainingmathematicakxpres-
sions[26]. Togetherwith the restof the Web page,theseexpressionsare manipulatedhrough a
WYSIWYG interface.Theincreasingacceptancandsoftwaresupportfor MathML wereevident
attherecentMathML Internationd Confeence2000[8].

Mathematicakontentviewingona Webpageis static. Onthelnternet,end-usersgspeciallyed-
ucationalpplicationscanmake gooduseof dynamicaccesso mathematicatomputing “Internet
AccessibleMathematicalComputatiofi hasbeenthe subjectof the 1999IAMC Workshop (partof
ISSAC'99) andthe2001IAMC Workshop (partof ISSAC'01). Thefull-day workshopsunderscore
the on-goinginterestin makingmathematicainformationandcomputatioreasilyavailablein the
nenv communcationage.For morebackgroundandrelatedactvities, pleasereferto the Proceed-
ings of the IAMC Workshopg6], the IAMC homepagég7], andthe Workshopon The Future of
MathematicalCommunicatia [9].

At theInstitutefor Computatimal MathematicqICM/K ent), efforts have beenmadeto build a
distributedlIAMC frameavork [4, 3, 2] which cansupportbothinteractve andtransparenaccesso
mathematicatomputatio on the Internet/\\eb throughthe MathematicalComputationProtocol

Researcherksave begunto make attemptgo deliver mathematal educatiormaterialsover the
Internet. Already, we can nd mary web sitesproviding coursesandtools for mathemats edu-
cation. Suchsitesinclude WIMS [28], Livemath[16], Mathwright [23], WebMathematic427],
Calc101[11], ActiveMath[10], Maple[17], and MathWeb [22]. WIMS, for instancejs a well-
known sitefor Web-basednathematicaéducatiorcreatedoy Xiao Gang.WIMS [28] offersgreat
featuressuchassimplicity, availability (no cookiesno plugins), smoothinterfaceto abunchof ex-
ternalseners(MuPAD, PARI/GPR, Coq, Gnuplot,...), andsupportfor virtual classroomsllowing
teachergo assigna setof exercisego be performed by eachstudent. WIMS usesa case-oriented
approaclby providinganew CGI programfor eachnew typeof educationatontentpage.Trouble
with suchan approachis lack of scalabilityandopennessAuthoring educationatontentwithin
the WIMS scopecan be awkward but the mostserious aw of suchan ad hoc approachis that
the WIMS componentgcontentpagesandsener-sideprograms)o not combineto form anopen
systemwithin which to interoperateandto mutually reinforce. Linda Becerra,etal. [1] gave a
goodsummaryof Webtoolsfor interactve computation.

It is perhapgime to considera systematiavay of creatingandrunning live mathematicgeduca-
tion contentonthe Weh

WeinvesticateaWeb-basedathematicEducation(WME) frameavork baseddnourexperience
andresultswith the IAMC framework [2]. WME works with regular browsers,makesauthorng
simpleandeasy allows systemati@ccesgo senersidesupportandenablegheseindependently
developedcomponentso interoperateseamlesslyln shortwe soughtto createa WWeb for Mathe-
maticsEducation

We beggin by overviewing the goalsof WME. Then,the designand architectureof WME are
describedThe MathematicEducationMarkup Languae (MeML) andits supportareconsidered
in somedetail.



2 WME Goals

The goal of our researchs to produceaninfrastructue, calledthe WME framework, for mathe-
maticseducatiorthatallows easyandsystematicevelopmentof:

1. mathematiceducationatontentand,
2. mathematicgducatiorsupportcapabilities,

bothaccestble andinteropeableon the Web/Internet.

With the WME framawork, educatorcanproduceMeML pagesto teachspeci ¢ lessonsand
topics.MeML pagescaninvoke supportcapabilitiessuchasexampleand/orexercisegyeneration,
answerchecking,graphplotting, andinteractve exploration for variousmathematal subjects.

Thus, contentpagesand supportseners can be developedindependentlybut caninteroperate
from anywhereon the Weh With carefuldesignandimplementation,the WME frameavork can
becomeheinfrastructureon which to build effective mathemats educatiorsystemsn the Weh
Figurel shavsthe WME objectve.
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Figurel: WME Goals

The WME framavork hasthesecharacteristics:

2 WME is distributed allowing everyoneto put WME pagesonthe Webandto supplysupport
capabilities.

2. WME combinesxisting technologieandemeging Web standards.

2 MeML pagesareeasyto createandsimpleto edit. They produceregularpagesor common
Webbrowsers.

2 An MeML pagecancombinestaticcontent,dynamicallygenerateegducationahndmathe-
maticalresults,andinteractionswith theenduserthatcanalsobe produceddynamically

2 MeML pagescaninvoke mathematiccomputationand educationcapabilitiessuppliedby
ary WME senersidenti ed by URLSs.



Clearly, for WME to work, it musthave content-markp support,front-endsupport,andback-
endsupport.More importantly, suchsupportmustbe deliveredwithin anarchitecturaframewvork
that usesappropriatetechnologiego integrate componentsallowing themto interoperaten a
seamlessnannerontheWeh

3 The WME Architecture

Figure2 shavs the WME framework architecture.
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Figure2: WME Architecture

WME supportsiVeb-basedanathematial educatiorthrough acombinationof technologies.

2 Content-markugupport— Mathematiceducatiorcontentsarerepresentetly MeML pages
(Sectiond). BasicallyMeML providesspeci c usefulelementsie ned by MeML tagsto be
usedtogethemwith HTML andMathML elementdor easycontentmarkup.MeML includes
elementgesignedo invoke WME serves thatsupplyvariousmathematicgducationcapa-
bilities.

2 Badk-endsupport— Onthesener-side,MeML pagesareprocessetty anMeML interpreter
(implemened asa Web sener module)that dynamicallytransformseachMeML page,on
acces, into aregularWebdocumensuitablefor standardrowsers.Theinterpreterinvokes
WME senersasspeci edby MeML tagsto obtainembeddableontentfor building theWeb
pagedeliveredto theclient. Contentfrom a WME sener may containMeML which will be
processe@ccordingly WME senersconformto a commoninterfaceandareaccessibldy
URL.

Theresultingpagehasappropriatelient-sideprogmamming(CSS Javascript, DOM/DHTML,
Java Applet, etc.) to supportdynamicandinteractve learning. Thus,the MeML interpreter
andWME senersconstitue the back-endsupport.

2 Front-endsupport— Ontheclientside,any Webbrowserwith MathML displayandediting
capabilitiescanbe used.Additional front-endfeaturescanbe asked throughJavascriptpro-
gramming,thedocumenbbjectmodel(DOM), CascadingStylesheetCSS),Java applets,
andbrowserplug-ins.



Thus, the WME architectureinvolves thesemajor components:the MathematicsEducation
Markup LanguaggMeML), educationatontentpageswrittenin MeML, the MeML interpreter
WME seners,andregularWebbrowsers(with MathML support).
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Figure3: WME ConceptuaModel

In theWME context, anonline coursevareconsistof a setof WME pageswith dynamicback-
endsupportoy WME senersthatcansupplyarich setof computationaiindeducationafunction
alities.

With WME, a new paradigmof Web-supporte@nathematicgducatioremeges:

2 Studentscan accesSWME pagesfor a dynamicand interactve learningexperiencefrom
arywhereontheWeb,atanytime. They canstudyattheirown levelsandpacesinstructonal
materialsmay comelargely from coursesn schools put the materialscanbe supplemented
by pagedrom otherauthorsglobally.

2 Softwaredeveloperscanfocuson building usefulWME seners. Thesesenerscanbe used
by anyonefrom anywhereon the Weh Eachsener canprovide awell-de ned setof capa-
bilities within a particularscope For example theremaybeafractionsserver apolynomal
serve, analgebraic equationserver aderivativeserver anintegration server etc. As long
asthe senersconformto a commoninterface,they canbe usedin ary educationcontent
pagesWe alsoervision avariety of back-endeducationaservicesncluding speci ¢ exam-
ple (counterexample)generationanswerveri cation, intermedate stepsproduction,plot-
ting/graphing, illustrationgenerationword problemgenerationtestgenerationtestgrading,
andperformancesvaluation.

2 Educatorsauthorinteractve online coursevareasa setof educationapages Suchpagesare
written in MeML eitherdirectly or via authoringtools that canbe developed. Authorscan



focuson teachingmathematicsatherthandealingwith the underlyng Internet\Web tech-
nologies. An authorcaneasilyinclude, mix andmatch,powerful interactve mathematical
educatiorfeaturedy accessinVME senersdevelopedby others.

2 Educatorsdeplogy and maintaintheir coursevare simply and easily Authors can modify,
revise,andchangeheir MeML pagesarnytime from anywhere.

2 Senerdeveloperscanupgradeandimprove WME senerswithout affectingWME pagesas
long asupward compatibilty is maintained.

The MeML Interpreter translatesS’WME pagesinto regular Web pageson-the- y, accessg
WME senersspeci ed by MeML elementdor dynamicallycomputedcontent.
Figure3 shavs the WME Framevork conceptandthe overall architecture.

4 Mathematics Education Markup Language: MeML

To supportpageauthorng, we are developing the MathematicsEducationMarkup Languaje
(MeML) de nedin XML. MeML elementancontainMathML andcanbe embeddedn HTML
pages.MeML will be expressve enoughto make authoringWeb pagescontainingmathematics,
interactve computatons, and educationafunctionseasyand straight-faward. For easeof use,
MeML regardsary un-recognizedagto bein HTML andrequiresMathML tagsto beenclosedn
themath element.

With MeML, anauthorcanwrite HTML-lik e codeto createinteractve mathematiceducation
pages.A MeML pagecanhave both x edanddynamicallygenerateadontent. The MeML inter-
pretercontrolscodegeneratiorandwill alsoacces®WME senersdesignatedh theMeML pageto
obtaingeneratedesults.The MeML pagecanspecifyinteractionswith the end-uselthe student)
for aninteractve learningexperience.
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Figure4: AccessingMleML pages

WME supportsdynamicinteractionswith the end-usewherepageupdatesanberenderedn-
place,in apop-upwindow, or in anew page.MeML tagssupportinvocatian of ary WME seners
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by URLs andallow mathematicaéxpressiongo beencodedn MathML content(for computing,
MathML presentatiorffor rendering) or in X notation(for corvenienceseebelow).

MeML allows in x notationasa corveniencefor authorsand end-userdo enterelementary
mathematicakxpressions.Iln x expressionsare translatednto equivalentMathML contenten-
codingautomattally within the WME framework. Functionsandmathematicaélementde ned
in MathML canbeusedin thein x notation Mathematicatonstantsuchas¥areenteredasPI
andtranslatednto &pi; . Severalothersimplerulesapply
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Figure5: GeneratedExample

Basically thereare vetypesof MeML elementgtags): contentelementseducationelements
structue elementscomputatiorelementandauxiliary elements

2 Contentlements— for unitsof knowledgesuchas<skill> , <terminology> , <theorem> ,
and<concept>

2 Educatiorelements— for educationapurposesuchas,<example> , <test> ,<exercise>
<diagram> , <assessment> , <diagnosis> , and<remediation> . Contentsfor
theseelementcan be suppliedmanuallyor canbe generated.Figure5 showvs a generated
examplefor fractionaddition. The examplecontaindinks to furtherdetails.

2 Structuralelements— for structuresn educationaimaterialssuchas<lesson-opener>
<homework> , <abstract> , <summary>, etc.

2 Computatiorelements— for explicitly invoking WME senersto obtaindynamcally gen-
eratedcontentsuchas<computation> , <mathgraph> , etc.

2 Auxiliary elements— for administratve aspectsuchassyllalus, roster, andguide
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Examplel: With MeML, an authorcande ne expressionsmake substitutions, generatesx-
amples,accesSNME senersto generatecontent,andembed2D and 3D plots of mathematical
expressionglynamically Examplesl and2 describea MeML pagethatteacheghe sin function
with interactve curve plotting.

We rst give someinternalde nitions thatarehiddenfrom theenduser:

<internal>

<variable id="vl"> x </variable>

<expression id="expl"  encoding="infix"> sin(x)  </expression>
</internal>

Thesymbolx is avariablewith id=v1 . Theexpressiorexpl is givenwith in x notation.
A lessoncanbeagin with somethindike:

<lesson title="The Sin  Function” id="sinfun">

<p>The function <em>sin</em> is important in trigonometry.

<a href="#sincurve">Diagram 1</a> shows the <em>sin</em> curve.
Notice that <idref target="expl" /> is periodic with a

period of

<expression encoding="infix" id="p2">2 * PI</expression>

</p>

Diagram1 for asin curweis generatedlynamicallywith themathgraph element:

<diagram title="Diagram 1" id="sincurve">
<mathgraph URL="http://icm.mcs.kent.edu/plot.wme">
<param name="operation">plot2d</param>
<param name="function"><idref target="expl" [><[param>
<param name="variable"><idref target="v1" [></param>
<param name="range">
<math id="plot-range">

<interval>
<cn type="real"> -10.0 </cn>
<cn type="real"> 10.0 </cn>
</interval>
</math>
</param>
</mathgraph></diagram>
<p>Now, <a href="#practice">experiment with

sin curves</a> to gain more insight.</p>

The mathgraph codesendsthe operation , function , variable , andrange valuesto
thegivenplot senerto obtaintheplot.

The precedingeducatiommaterialis followed by aninteractve exercisethatencouragestudent
learning(next example).

Example2: A studentcanplot curvesinteractvely to experimentwith, for instance the sin
function(Figure7):
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Figure6: Teachingthesin Function
<exercise title="Sin Curve" id="practice" type="interactive">
<p> Perform your own experiments. Give an expression such as
<em>sin(x+Pl)</em>, <em>sin(x-Pl/2)</em>, and so on and see
the resulting curve.</p>
<p> Your expression: </p>
<expression mode="userinput" id="exp2"  encoding="infix"
action="practice"> </expression>
<mathgraph URL="http://icm.mcs.kent.edu/plot.wme">
<param name="operation">plot2d</param>
<param name="function"><idref target="exp2" [></param>
<param name="variable"><idref target="v1" [><[param>
<param name="range"><idref target="plot-range" [></param>
</mathgraph></exercise>
</lesson>
Theattribute type=interactive requestdgront-endsupportfor interactiors betweerthe user



andthe WME system.Notewe alsoreusedhe plot-range
The Web pagegeneratedby examplel and2 is shavn in Figure6 andFigure?.
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Figure7: Experimentiig with thesin Function
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5 WME Client-Side Support

Client-sidesupportprovidesfor displayingpagesrenderingandeditingmathematal expressions,
plotting curvesand surfaces,manipulatinggeometricshapesand objects,sendingcomputatonal

or educationarequestdo the back-end,and renderingresultsobtainedfrom suchrequestqsee
Figure8).

Weervisionacombinatonof CSS Javascript DOM, Javaapplet browserplug-ins,andMathML-
enabledNebbrowsersto provide front-endsupport.

The MeML InterpretertranslatesMeML pagesinto HTML pagessupportedoy commonWeb
browsers(frontend objecty. For example,the generatednathematal expressionscanbe pre-
sentedn MathML tags. The interfacefor enduserscanuseHTML forms and Javascriptproce-
dures.Theresultsfrom theinteractionscanberenderedn-placethroughDHTML techniques.
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Figure8: UserInteractiors

In processingan MeML page,an MeML Interpretercangeneratenev documentbjectssuch
astexts, graphics,forms, Javascriptprocedureseventtriggers,andJava applets. The interpreter
combinessuchdynamicallygeneratectontentswith staticcontentin the pageto createa regular
Webpage.

The generategagealsoprovidesan interaction handler (IH) to supportdynamicinteractions
ontheclientside.Figure9 shavstherole of thelH andotherpossibleobjectsin the pagedelivered
to theWebbrowser

MathML
Processor

Math Interaction
i A - gl
User |« ™ Graph >
Handler

Interactions

L ) L

Figure9: Client-SideSupport

Display of mathematicaéxpressioncanbe supportedy tools suchasWebEQ,MathPlayen],
andAmaya. Mathematicalnput from theendusercanbe collectedin in x form andcorvertedto
MathML by Our XMEC [5] (extensiblemathematial encodingcorverter).

6 WME Sewer-Side Support

WME sener-side supportcomesfrom the MeML interpreer asa web sener moduleand from
WME senersarywhereonthelnternet.

TheMeML interpretelis atthe heartof the WME framework. It supportshe MeML language,
integratesservicesrom WME senersdynamically anddeliversinteractve andeffective mathe-
maticseducatiorcontentto learnersaarywhereon theWeh We aredevelopinga protaype MeML
interpreterasaresearchool. Thiswill helpusestablisha speci cationfor the functionalifesand
interfacesof all MeML interpreterimplemenations.

TheMeML InterpreterprocesseMeML pagedollowing thesesteps:
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Retrieving asinputanMeML le from theWebsener.
Parsingthe MeML pagebasedontheMeML DTD (XML documentypede nition).

TranslatingMeML elementsnto regularWeb pageelements.

A W dpoE

Invoking WME senersasindicatedin the pageandinsertingthe contentreturnedinto the
outputdocument.

5. Assemblingthe outputdocumentjntegrating the IH, andproducirg the nal output.

Figure10 shovs theway theframavork deliverssener-side support.

7 Conclusionsand Further Work

The WME framework designsa distributed systemto enableWeb-basednathematiceducation.
WME empaversthe teacherand eliminatesmary technicaldif culties of on-Web mathematics
educationWME is openbecausdt usesstandardVeb/Internetechnologes.WME is e xible be-
causet allows educatorso easilycreateandaggregateteachingmaterialsandobtainautomatically
generateadcontents. WME is widely available becausat is accesse by standard\Veb browsers.
WME is powerful becausdt allows anyoneto build WME senersthatareimmediatelyusableby
educatorsvithin any MeML page.Finally, WME canelevatethe quality of the mathematicedu-
cationbecausestudentsandteacherhave accesso senersandpageduilt by expertsworld-wide,
andbecausenathematicaildeascanbereinforcedwith realisticexamplesjnteractve experiments,
andinstantvisualizations. WME hasthe potentialof becominga valuabletool for teachersand
studentof mathematicandcanbeapplied e xibly in mary educationatontexts.

Speci ¢ featuresof WME not found in othermathemats educationabpproachemcludethe
following:

2 Educatorsaneasilyauthormathematicgducatiorcontentfor the Webwith MeML, aWeb
publishinglanguagespeciallydesignedor mathematseducation.

MeML Interpreter

J

Web
Server { Translating | | Invoking i

Get WME Service
Computing

» | Parsing i« i
HTTP/ SR 9_ b Pages
Request Educational
/ Server

Server

HTTP/ . 2
<Reply ! Integrating |
HTML | S

Page

Figure10: WME Sener SideSupport
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2 Schoolscanelevatethe quality of mathemats education Well-designednathematicedu-
cationcontents§rom arywherecanbe madeaccesible globally 24/7.

2 Expertsand professionalsan createsupportprogmammingfor mathematiceducationnot
justfor a setof pagesut for everyoneby developingWME seners.

2 Contentauthorscangeneratexamplesgxercisesdiagramsandotherteachingmaterialsby
simpleMeML tagsandavoid complicatedprogamming.

2 Studentscan easily work with realistic examples,try alternatves, and explore theories.
Bringing mathematiceducationon the Web canenrichthe learningexperiencebeyond all
known approaches.

We have presentedhe initial designand architecturefor WME. Much work is aheadbefore
WME canbe a successfuteality. Re nementsfor the design,interfacede nitions, detailedspec-
i cation of the MeML languageandall its elementsamustbe considered.A uniform and effec-
tive WME sener interface mustbe establishecand a way to locateand discorer WME seners
with the desiredcapabilitiesmustbe devised. Emeging technologiesn the areaof Web services
(e.g. SOAP[24], UDDI[25], WSDL[29]) may prove usefulfor thatpurpose Prototypesfor WME
senersandthe MeML interpretermustbe built, tested,andcritically evaluatedby mathemats
educatiorexperts.

Furtherdown theline, acompleteworking WME systemmustbe deplojedand eld tested.
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