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Abstract

An approachfor Web-basedMathematicsEducation(WME) is considered. It aims to
establisha framework to supportauthoringof dynamicand interactive mathematicseduca-
tion pages,end-useraccessthroughregular Web browsers, andsupplyingmathematicaland
educationalcapabilitiesthroughinteroperableWMEservers. TheWME architecturewe envi-
sionbuildsonemergingWebstandards,andincludestheXML-basedMathematicsEducation
MarkupLanguage (MeML). An MeML interpretertranslatesMeML pagesinto regularWeb
pageswhile incorporatingcontentssupplieddynamicallyby compliantWME servers. WME
serversareinteroperableby conformingto acommoninterfacespeci�cation.

1 Intr oduction

Web-basedlearningcanextend the reachof educationandsigni�cantly broadenits impactand
in�uence. Therearemany approachesbut few areeffective for teaching/learning mathematics.
Giventhestateof mathematicseducationin theUnitedStatesandothercountries,aneffectiveway
to deliver teachingandlearningmaterialsover theInternet/Webholdsmuchpromise.

While variousmethodshave beenusedto displaymathematicalformulasin Webpagesandto
make simple mathematical computationsaccessible via CGI programs or X Windows (see,for
instance,the ICM demopage[14]), a generalandeffective systemfor accessing,producingand
deliveringmathematical contentis still thesubjectof researchanddevelopment.

InvestigatorsattheW3 Consortium(W3C)andelsewhereareworkingto makepublishingmath-
ematicalmaterialson theWebeasy. MathML [18] de�nesanXML languagefor markupof math-
ematicalexpressionswith supportfor both presentationencoding(display layout) and content
encoding(computation semantics).

¤Work reportedhereinhasbeen supportedin partby theNationalScienceFoundationunder GrantCCR-9721343
andin partby theOhio Boardof RegentsComputerScienceEnhancement Funds.
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The IBM digital publishing group has releasedthe experimentalTechexplorer [13], a Web
browserplug-in thatdynamicallyformatsanddisplaysdocumentscontainingscienti�c andmath-
ematicalexpressionscodedin TEX/LATEX. SomeMathML is alsosupported.Techexplorer also
allows a userto sendexpressionsto a �x edcomputeserver for evaluation. MathType[20], from
DesignScienceInc., supportsinteractive creationof mathematicalformulas for web pagesand
documents.Thesamecompany alsooffersWebEQandMathPlayer[20] thatdisplayWebTeX and
MathML in a browser. TheW3C AmayaWebbrowserdemonstratesa prototypeimplementation
of MathML which allows usersto browseandedit Web pagescontainingmathematicalexpres-
sions[26]. Togetherwith the restof theWebpage,theseexpressionsaremanipulatedthrough a
WYSIWYG interface.Theincreasingacceptanceandsoftwaresupportfor MathML wereevident
at therecentMathML International Conference2000[8].

MathematicalcontentviewingonaWebpageis static.OntheInternet,end-users,especiallyed-
ucationalapplications,canmakegooduseof dynamicaccesstomathematicalcomputing. “Internet
AccessibleMathematicalComputation” hasbeenthesubjectof the1999IAMC Workshop(partof
ISSAC'99) andthe2001IAMC Workshop(partof ISSAC'01). Thefull-day workshopsunderscore
theon-goinginterestin makingmathematicalinformationandcomputationeasilyavailablein the
new communicationage.For morebackgroundandrelatedactivities,pleasereferto theProceed-
ingsof the IAMC Workshops[6], the IAMC homepage[7], andtheWorkshopon TheFuture of
MathematicalCommunication [9].

At theInstitutefor Computational Mathematics(ICM/Kent),efforts have beenmadeto build a
distributedIAMC framework [4, 3, 2] whichcansupportbothinteractiveandtransparentaccessto
mathematicalcomputation on theInternet/WebthroughtheMathematicalComputationProtocol.

Researchershave begunto make attemptsto deliver mathematical educationmaterialsover the
Internet. Already, we can�nd many websitesproviding coursesandtools for mathematicsedu-
cation. SuchsitesincludeWIMS [28], Livemath[16], Mathwright [23], WebMathematica[27],
Calc101[11], ActiveMath[10], Maple [17], andMathWeb [22]. WIMS, for instance,is a well-
known sitefor Web-basedmathematicaleducationcreatedby Xiao Gang.WIMS [28] offersgreat
featuressuchassimplicity, availability (nocookies,noplugins),smoothinterfaceto abunchof ex-
ternalservers(MuPAD, PARI/GP, Coq,Gnuplot,...), andsupportfor virtual classroomsallowing
teachersto assigna setof exercisesto beperformedby eachstudent.WIMS usesa case-oriented
approachby providinganew CGI programfor eachnew typeof educationalcontentpage.Trouble
with suchanapproachis lack of scalabilityandopenness.Authoring educationalcontentwithin
the WIMS scopecanbe awkward but the mostserious�a w of suchan ad hoc approachis that
theWIMS components(contentpagesandserver-sideprograms)do not combineto form anopen
systemwithin which to interoperateandto mutually reinforce. Linda Becerra,et al. [1] gave a
goodsummaryof Webtoolsfor interactivecomputation.

It is perhapstime to considerasystematicwayof creatingandrunning livemathematicseduca-
tion contenton theWeb.

WeinvestigateaWeb-basedMathematicsEducation(WME) frameworkbasedonourexperience
andresultswith the IAMC framework [2]. WME workswith regularbrowsers,makesauthoring
simpleandeasy, allows systematicaccessto server-sidesupport,andenablestheseindependently
developedcomponentsto interoperateseamlessly. In shortwe soughtto createa Webfor Mathe-
maticsEducation.

We begin by overviewing the goalsof WME. Then,the designandarchitectureof WME are
described.TheMathematicsEducationMarkupLanguage(MeML) andits supportareconsidered
in somedetail.

2



2 WME Goals

Thegoalof our researchis to producean infrastructure, calledtheWME framework, for mathe-
maticseducationthatallowseasyandsystematicdevelopmentof:

1. mathematicseducationalcontent,and,

2. mathematicseducationsupportcapabilities,

bothaccessible andinteroperableon theWeb/Internet.
With the WME framework, educatorscanproduceMeML pagesto teachspeci�c lessonsand

topics.MeML pagescaninvoke supportcapabilitiessuchasexampleand/orexercisesgeneration,
answerchecking,graphplotting,andinteractiveexploration for variousmathematical subjects.

Thus,contentpagesandsupportserverscanbe developedindependentlybut caninteroperate
from anywhereon the Web. With carefuldesignandimplementation,the WME framework can
becometheinfrastructureon which to build effective mathematicseducationsystemson theWeb.
Figure1 shows theWME objective.
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Figure1: WME Goals

TheWME framework hasthesecharacteristics:

² WME is distributedallowing everyoneto putWME pagesontheWebandto supplysupport
capabilities.

² WME combinesexisting technologiesandemergingWebstandards.

² MeML pagesareeasyto createandsimpleto edit. They produceregularpagesfor common
Webbrowsers.

² An MeML pagecancombinestaticcontent,dynamicallygeneratededucationalandmathe-
maticalresults,andinteractionswith theenduserthatcanalsobeproduceddynamically.

² MeML pagescaninvoke mathematicscomputationandeducationcapabilitiessuppliedby
any WME serversidenti�ed by URLs.
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Clearly, for WME to work, it musthave content-markup support,front-endsupport,andback-
endsupport.More importantly, suchsupportmustbedeliveredwithin anarchitecturalframework
that usesappropriatetechnologiesto integratecomponents,allowing them to interoperatein a
seamlessmanneron theWeb.

3 The WME Ar chitecture

Figure2 shows theWME framework architecture.
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Figure2: WME Architecture

WME supportsWeb-basedmathematical educationthrough acombinationof technologies.

² Content-markupsupport— MathematicseducationcontentsarerepresentedbyMeMLpages
(Section4). BasicallyMeML providesspeci�c usefulelementsde�ned by MeMLtagsto be
usedtogetherwith HTML andMathML elementsfor easycontentmarkup.MeML includes
elementsdesignedto invoke WMEservers thatsupplyvariousmathematicseducationcapa-
bilities.

² Back-endsupport— Ontheserver-side,MeML pagesareprocessedby anMeMLinterpreter
(implemented asa Web server module)that dynamicallytransformseachMeML page,on
access, into a regularWebdocumentsuitablefor standardbrowsers.Theinterpreterinvokes
WME serversasspeci�edby MeML tagsto obtainembeddablecontentfor buildingtheWeb
pagedeliveredto theclient. Contentfrom aWME servermaycontainMeML whichwill be
processedaccordingly. WME serversconformto a commoninterfaceandareaccessibleby
URL.

Theresultingpagehasappropriateclient-sideprogramming(CSS,Javascript,DOM/DHTML,
Java Applet,etc.) to supportdynamicandinteractive learning.Thus,theMeML interpreter
andWME serversconstitute theback-endsupport.

² Front-endsupport— Ontheclientside,any Webbrowserwith MathML displayandediting
capabilitiescanbeused.Additionalfront-endfeaturescanbeaskedthroughJavascriptpro-
gramming,thedocumentobjectmodel(DOM), CascadingStylesheets(CSS),Java applets,
andbrowserplug-ins.
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Thus, the WME architectureinvolves thesemajor components:the MathematicsEducation
MarkupLanguage(MeML), educationalcontentpageswritten in MeML, theMeML interpreter,
WME servers,andregularWebbrowsers(with MathML support).
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Figure3: WME ConceptualModel

In theWME context, anonlinecoursewareconsistsof asetof WME pageswith dynamicback-
endsupportby WME serversthatcansupplyarich setof computationalandeducationalfunction-
alities.

With WME, anew paradigmof Web-supportedmathematicseducationemerges:

² Studentscan accessWME pagesfor a dynamicand interactive learningexperiencefrom
anywhereontheWeb,atanytime. They canstudyattheirown levelsandpaces.Instructional
materialsmaycomelargely from coursesin schools,but thematerialscanbesupplemented
by pagesfrom otherauthorsglobally.

² Softwaredeveloperscanfocuson building usefulWME servers.Theseserverscanbeused
by anyonefrom anywhereon theWeb. Eachserver canprovide a well-de�ned setof capa-
bilities within aparticularscope.For example,theremaybeafractionsserver, apolynomial
server, analgebraic equationserver, a derivativeserver, anintegration server, etc.As long
asthe serversconformto a commoninterface,they canbe usedin any educationcontent
pages.Wealsoenvisionavarietyof back-endeducationalservicesincluding speci�c exam-
ple (counterexample)generation,answerveri�cation, intermediatestepsproduction,plot-
ting/graphing,illustrationgeneration,wordproblemgeneration,testgeneration,testgrading,
andperformanceevaluation.

² Educatorsauthorinteractiveonlinecoursewareasasetof educationalpages.Suchpagesare
written in MeML eitherdirectly or via authoringtools thatcanbedeveloped.Authorscan
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focuson teachingmathematicsratherthandealingwith the underlying Internet/Web tech-
nologies.An authorcaneasilyinclude,mix andmatch,powerful interactive mathematical
educationfeaturesby accessingWME serversdevelopedby others.

² Educatorsdeploy and maintaintheir courseware simply and easily. Authors can modify,
revise,andchangetheirMeML pagesanytime from anywhere.

² Server developerscanupgradeandimprove WME serverswithout affectingWME pagesas
longasupwardcompatibility is maintained.

The MeML Interpreter translatesWME pagesinto regular Web pageson-the-�y , accessing
WME serversspeci�edby MeML elementsfor dynamicallycomputedcontent.

Figure3 shows theWME Framework conceptandtheoverall architecture.

4 MathematicsEducation Markup Language: MeML

To supportpageauthoring, we are developing the MathematicsEducationMarkup Language
(MeML) de�ned in XML. MeML elementscancontainMathML andcanbeembeddedin HTML
pages.MeML will beexpressive enoughto make authoringWebpagescontainingmathematics,
interactive computations,andeducationalfunctionseasyandstraight-forward. For easeof use,
MeML regardsany un-recognizedtagto bein HTML andrequiresMathML tagsto beenclosedin
themath element.

With MeML, anauthorcanwrite HTML-lik e codeto createinteractive mathematicseducation
pages.A MeML pagecanhave both �x edanddynamicallygeneratedcontent.TheMeML inter-
pretercontrolscodegenerationandwill alsoaccessWME serversdesignatedin theMeML pageto
obtaingeneratedresults.TheMeML pagecanspecifyinteractionswith theend-user(thestudent)
for aninteractive learningexperience.
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Figure4: AccessingMeML pages

WME supportsdynamicinteractionswith theend-userwherepageupdatescanberenderedin-
place,in a pop-upwindow, or in a new page.MeML tagssupportinvocation of any WME servers
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by URLs andallow mathematicalexpressionsto beencodedin MathML content(for computing),
MathML presentation(for rendering), or in�x notation(for convenience,seebelow).

MeML allows in�x notationas a conveniencefor authorsand end-usersto enterelementary
mathematicalexpressions.In�x expressionsare translatedinto equivalentMathML contenten-
codingautomatically within theWME framework. Functionsandmathematicalelementsde�ned
in MathML canbeusedin thein�x notation. Mathematicalconstantssuchas¼areenteredasPI
andtranslatedinto &pi; . Severalothersimplerulesapply.

Figure5: GeneratedExample

Basically, thereare� ve typesof MeML elements(tags):contentelements, educationelements,
structureelements, computationelementsandauxiliary elements.

² Contentelements— for unitsof knowledgesuchas<skill> , <terminology> , <theorem> ,
and<concept> .

² Educationelements— for educationalpurposessuchas,<example> , <test> , <exercise> ,
<diagram> , <assessment> , <diagnosis> , and<remediation> . Contentsfor
theseelementcanbe suppliedmanuallyor canbe generated.Figure5 shows a generated
examplefor fractionaddition. Theexamplecontainslinks to furtherdetails.

² Structuralelements— for structuresin educationalmaterialssuchas<lesson-opener> ,
<homework> , <abstract> , <summary>, etc.

² Computationelements— for explicitly invoking WME serversto obtaindynamically gen-
eratedcontentsuchas<computation> , <mathgraph> , etc.

² Auxiliary elements— for administrativeaspectssuchassyllabus, roster, andguide.
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Example1: With MeML, an authorcande�ne expressions,make substitutions, generateex-
amples,accessWME servers to generatecontent,andembed2D and3D plots of mathematical
expressionsdynamically. Examples1 and2 describea MeML pagethat teachesthesin function
with interactivecurveplotting.

We �rst givesomeinternalde�nitions thatarehiddenfrom theenduser:

<internal>
<variable id="v1"> x </variable>
<expression id="exp1" encoding="infix"> sin(x) </expression>
</internal>

Thesymbolx is avariablewith id=v1 . Theexpressionexp1 is givenwith in�x notation.
A lessoncanbegin with somethinglike:

<lesson title="The Sin Function" id="sinfun">
<p>The function <em>sin</em> is important in trigonometry.
<a href="#sincurve">Diagram 1</a> shows the <em>sin</em> curve.
Notice that <idref target="exp1" /> is periodic with a
period of
<expression encoding="infix" id="p2">2 * PI</expression>
</p>

Diagram1 for asin curve is generateddynamicallywith themathgraph element:

<diagram title="Diagram 1" id="sincurve">
<mathgraph URL="http://icm.mcs.kent.edu/plot.wme">

<param name="operation">plot2d</param>
<param name="function"><idref target="exp1" /></param>
<param name="variable"><idref target="v1" /></param>
<param name="range">

<math id="plot-range">
<interval>

<cn type="real"> -10.0 </cn>
<cn type="real"> 10.0 </cn>

</interval>
</math>

</param>
</mathgraph></diagram>
<p>Now, <a href="#practice">experiment with
sin curves</a> to gain more insight.</p>

Themathgraph codesendstheoperation , function , variable , andrange valuesto
thegivenplot server to obtaintheplot.

Theprecedingeducationmaterialis followedby aninteractive exercisethatencouragesstudent
learning(next example).

Example2: A studentcan plot curves interactively to experimentwith, for instance,the sin
function(Figure7):
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Figure6: Teachingthesin Function

<exercise title="Sin Curve" id="practice" type="interactive">
<p> Perform your own experiments. Give an expression such as
<em>sin(x+PI)</em>, <em>sin(x-PI/2)</em>, and so on and see
the resulting curve.</p>
<p> Your expression: </p>

<expression mode="userinput" id="exp2" encoding="infix"
action="practice"> </expression>

<mathgraph URL="http://icm.mcs.kent.edu/plot.wme">
<param name="operation">plot2d</param>
<param name="function"><idref target="exp2" /></param>
<param name="variable"><idref target="v1" /></param>
<param name="range"><idref target="plot-range" /></param>

</mathgraph></exercise>
</lesson>

Theattribute type=interactive requestsfront-endsupportfor interactions betweentheuser
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andtheWME system.Notewealsoreusedtheplot-range .
TheWebpagegeneratedby example1 and2 is shown in Figure6 andFigure7.

Figure7: Experimenting with thesin Function

5 WME Client-SideSupport

Client-sidesupportprovidesfor displayingpages,renderingandeditingmathematicalexpressions,
plotting curvesandsurfaces,manipulatinggeometricshapesandobjects,sendingcomputational
or educationalrequeststo the back-end,andrenderingresultsobtainedfrom suchrequests(see
Figure8).

Weenvisionacombinationof CSS,Javascript,DOM, Javaapplet,browserplug-ins,andMathML-
enabledWebbrowsersto provide front-endsupport.

The MeML InterpretertranslatesMeML pagesinto HTML pagessupportedby commonWeb
browsers(front-endobjects). For example,the generatedmathematical expressionscanbe pre-
sentedin MathML tags. The interfacefor enduserscanuseHTML forms andJavascriptproce-
dures.Theresultsfrom theinteractionscanberenderedin-placethroughDHTML techniques.

10



Figure8: UserInteractions

In processingan MeML page,an MeML Interpretercangeneratenew documentobjectssuch
astexts, graphics,forms, Javascriptprocedures,event triggers,andJava applets.The interpreter
combinessuchdynamicallygeneratedcontentswith staticcontentin thepageto createa regular
Webpage.

The generatedpagealsoprovidesan interaction handler(IH) to supportdynamicinteractions
ontheclientside.Figure9 showstheroleof theIH andotherpossibleobjectsin thepagedelivered
to theWebbrowser.
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Math
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Figure9: Client-SideSupport

Displayof mathematicalexpressioncanbesupportedby toolssuchasWebEQ,MathPlayer[],
andAmaya.Mathematicalinput from theendusercanbecollectedin in�x form andconvertedto
MathML by OurXMEC [5] (extensiblemathematical encodingconverter).

6 WME Server-SideSupport

WME server-sidesupportcomesfrom the MeML interpreter asa web server moduleand from
WME serversanywhereon theInternet.

TheMeML interpreteris at theheartof theWME framework. It supportstheMeML language,
integratesservicesfrom WME serversdynamically, anddeliversinteractive andeffective mathe-
maticseducationcontentto learnersanywhereon theWeb. We aredevelopinga prototypeMeML
interpreterasa researchtool. This will helpusestablisha speci�cationfor thefunctionalitiesand
interfacesof all MeML interpreterimplementations.

TheMeML InterpreterprocessesMeML pagesfollowing thesesteps:
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1. Retrieving asinput anMeML �le from theWebserver.

2. ParsingtheMeML pagebasedon theMeML DTD (XML documenttypede�nition).

3. TranslatingMeML elementsinto regularWebpageelements.

4. Invoking WME serversasindicatedin thepageandinsertingthecontentreturnedinto the
outputdocument.

5. Assemblingtheoutputdocument,integrating theIH, andproducing the�nal output.

Figure10shows theway theframework deliversserver-sidesupport.

7 Conclusionsand Further Work

TheWME framework designsa distributedsystemto enableWeb-basedmathematicseducation.
WME empowers the teacherandeliminatesmany technicaldif�culties of on-Web mathematics
education.WME is openbecauseit usesstandardWeb/Internettechnologies.WME is �e xible be-
causeit allowseducatorsto easilycreateandaggregateteachingmaterialsandobtainautomatically
generatedcontents.WME is widely availablebecauseit is accessed by standardWeb browsers.
WME is powerful becauseit allows anyoneto build WME serversthatareimmediatelyusableby
educatorswithin any MeML page.Finally, WME canelevatethequality of themathematicsedu-
cationbecausestudentsandteachershaveaccessto serversandpagesbuilt by expertsworld-wide,
andbecausemathematicalideascanbereinforcedwith realisticexamples,interactiveexperiments,
andinstantvisualizations.WME hasthe potentialof becominga valuabletool for teachersand
studentsof mathematicsandcanbeapplied�e xibly in many educationalcontexts.

Speci�c featuresof WME not found in othermathematics educationalapproachesincludethe
following:

² Educatorscaneasilyauthormathematicseducationcontentfor theWebwith MeML, aWeb
publishinglanguagespeciallydesignedfor mathematicseducation.
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Figure10: WME ServerSideSupport
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² Schoolscanelevatethequality of mathematicseducation.Well-designedmathematicsedu-
cationcontentsfrom anywherecanbemadeaccessibleglobally24/7.

² Expertsandprofessionalscancreatesupportprogrammingfor mathematicseducationnot
just for asetof pagesbut for everyoneby developingWME servers.

² Contentauthorscangenerateexamples,exercises,diagrams,andotherteachingmaterialsby
simpleMeML tagsandavoid complicatedprogramming.

² Studentscan easily work with realistic examples,try alternatives, and explore theories.
Bringing mathematicseducationon theWebcanenrichthe learningexperiencebeyondall
known approaches.

We have presentedthe initial designandarchitecturefor WME. Much work is aheadbefore
WME canbea successfulreality. Re�nementsfor thedesign,interfacede�nitions, detailedspec-
i�cation of the MeML languageandall its elementsmustbe considered.A uniform andeffec-
tive WME server interfacemustbe establishedanda way to locateanddiscover WME servers
with thedesiredcapabilitiesmustbedevised. Emerging technologiesin theareaof Webservices
(e.g.SOAP[24], UDDI[25], WSDL[29]) mayprove usefulfor thatpurpose.Prototypesfor WME
serversandthe MeML interpretermustbe built, tested,andcritically evaluatedby mathematics
educationexperts.

Furtherdown theline, acompleteworkingWME systemmustbedeployedand�eld tested.
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